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Abstract
A simple approximation for thermal diffusion in gas mixtures was recently proposed
[1]. This approximation was based upon relations valid for rigid spheres. It is therefore
appropriate for molecules with steep repulsive potentials, but not for ionized species
interacting via the Coulomb potential. Here we formulate an analogous approximation
for ionized species and free electrons. The resulting thermal diffusion coefficients differ
in sign from those for hard molecules.
1. Introduction
A hydrodynamic theory was recently described for multicomponent diffusion and
thermal diffusion in multitemperature gas mixtures [2]. The resulting expressions for
the binary diffusion coefficients are equivalent to the results of first-order Chapman-
Enskog (FOCE) theory, so they are highly accurate. The thermal diffusion coefficients,
however, are based on mean-free-path arguments and are consequently only approxi-
mate. The form of these thermal diffusion coefficients lent itself to a simple further
approximation in which they could be expressed in terms of the ordinary binary
diffusion coefficients [1]. This approximation was based on relations valid for rigid
spheres, so it is appropriate for hard molecules; i.e., molecules with steep repulsive
potentials. Most neutral molecules at moderate to high temperatures are of this type.
However, pair interactions involving ionized species are dominated by long-range
electrostatic forces, for which the approximation of [1] is no longer appropriate. Our
purpose here is accordingly to formulate an analogous simple approximation for
thermal diffusion of charged species in ionized gases, including free electrons. Since the
development is based on the results of [2], in which no allowance was made for
velocity-dependent forces, attention is restricted to the case of zero magnetic field.
1
 Work performed under the auspices of the U.S. Department of Energy under DOE Field Office, Idaho
Contract DE-AC07-94ID13223.
J. Non-Equilib. Thermodyn. Vol. 21, 1996, No. 3
© Copyright 1996 Walter de Gruyter· Berlin-New York
Brought to you by | Portland State University (Portland State University)
Authenticated | 172.16.1.226
Download Date | 5/29/12 11:30 PM
234 J.D- Ramshaw
The present discussion is of the nature of a supplement or addendum to Refs. [1] and
[2], which the reader is presumed to have close at hand. Equation (n) from [2] will be
referred to as Eq. (I.n), while Eq. (n) from [1] will be referred to as Eq. (ILn). Quantities
not defined herein will be understood to have the same meanings as in [1] and [2], and
additional quantities will be defined as needed. In particular, the electrical charge
carried by a single particle of species z is denoted by Q{, the free electrons in the plasma
are symbolically denoted by the species index i = e, and the magnitude of the charge on
species ß in units of the electronic charge is denoted by Zt = \QJQe\.
In partially ionized gases, there are pair interactions between charged and neutral
species as well as between charged species. The interparticle force between charged and
neutral species varies as r fj5 for large rip where r{j is the interparticle separation [3,4].
This is the force law defining Maxwell molecules, for which thermal diffusion vanishes
[4]. In the present context, this follows immediately from Eq. (II. 1) and the fact that the
collision integral ÙÖ(1, Ã) is independent of Ô for Maxwell molecules [4,5]. Devi-
ations from this force law will occur at small rip but these may be expected to produce a
correspondingly small effect. It therefore seems likely that the thermal diffusion
coefficients
 tj for charged-neutral pairs will be much smaller than those for pairs of
charged species. We shall accordingly restrict attention to the case in which both
species of the pair (i,j) are charged (i.e., are either ions or electrons), and this will be
understood in what follows.
The development follows basically the same outline as [1], with the previous relations
valid for rigid spheres replaced by the corresponding relations for charged species.
However, there are additional complications due to the fact that ionized gases possess
two peculiar features not present in neutral gases, namely the long-range nature of the
Coulomb interactions, and the very small mass of the free electrons. These features
necessitate a reconsideration of the collision times ô£ which appear in the hy-
drodynamic theory expressions for the
 tj [2]. The ôß are in turn defined in terms of total
collision cross-sections atj [2], which are relatively well defined for neutral molecules
interacting via short-range potentials with steep repulsive cores. However, they become
rather ambiguous for charged species interacting via long-range Coulomb forces. It is
therefore necessary to propose reasonable values for the atj for charged species. In
addition, the large mass disparity between ions and electrons makes the collisional
energy exchange between them highly inefficient, and this requires an appropriate
redefinition of which collisions are to be included in computing the tf for i = e and
i 7^ e. These new issues pertaining to the appropriate definition of the ôß in ionized
gases are accordingly addressed in Section 2 prior to proceeding with the main
development.
A second complication arises if it is desired to express the thermal diffusion coefficients
u in terms of the binary diffusion coefficients Dip as was done in [1]. The problem here
is that both the long-range nature of the Coulomb forces and the small mass of the
electrons tend to reduce the accuracy of FOCE theory [5-8], and hence of the
hydrodynamic theory expressions for the Di} [2], The accuracy reduction due to the
Coulomb interactions alone may be estimated from the fact that the FOCE results for
the D.j of like-ion pairs are in error by about 15% [5]. This is a relatively minor effect in
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view of the inherent inaccuracy of the mean-free-path arguments used to obtain the âõ
[2]. This source of inaccuracy will therefore be neglected for present purposes, and we
shall continue to use the results of [2] for the £>y of ion-ion pairs. However, the
inaccuracies resulting from the large mass disparity between ions and electrons are
considerably larger [5-8]. It is therefore necessary to insert appropriate correction
factors into the D.;for ion-electron pairs. These corrections are inferred from the results
of a previous study of the rate of convergence of the Chapman-Enskog expansion
procedure in mixtures of ions and electrons [5-7].
2. Collision times and cross-sections
The collision time ô, in the hydrodynamic theory is given by Eq. (I.A3), and represents
the mean time between collisions of a particle of type ß with all other particles; i.e.,
particles of any species, including species / itself. Thus the summation in Eq. (I. A3) runs
over all species j9 including j = i. This still seems appropriate for the case i = e, since
electrons are significantly deflected by collisions with both heavy particles and other
electrons. In contrast, however, heavy particles are not significantly deflected by
collisions with electrons, which suggests that the term; = e should be omitted from the
summation when / ^  e. We therefore replace Eq. (I.A3) by
(D
where äß} is the Kronecker delta, and use has been made of the relation yee = mJ4kBTe.
We must now consider how the total cross-sections ais are to be defined for ionized
species pairs. These cross-sections do not appear in more rigorous kinetic theories, and
they are inherently somewhat ambiguous. We shall simply identify these cross-sections
with the average momentum-transfer cross-sections given by [3]
where In Ë is the familiar Coulomb logarithm.
Although we are only concerned with charged species z, Eq. (1) still involves the a{j for
neutral species j. These cross-sections are perhaps even more ambiguous. They may be
crudely approximated by setting óé7 = n(Rt + Rj)2, where Rk is some reasonable esti-
mate of the effective or equivalent hard-sphere radius of species k. A more elaborate
alternative is to identify ó0- with the average momentum-transfer cross-section [3] for
particles interacting via the charged-neutral pair potential <£y= — (l/2)(Q2ap)y/ry,
where (62ap)y is the polarizability of the neutral species times the square of the charge
on the charged species [4]. This identification leads, via standard relations [3-5], to the
formula ó?· = 5.51(Q2ap)y/fcB7^. This formula is more reasonable for ions than elec-
trons, since a proper evaluation of collison cross-sections for electrons presents a
difficult problem in quantum mechanics. Thus cross-sections of this type are often
obtained from experiments when data are available. However, it seems likely that the
preceding formula will yield cross-sections of the correct order of magnitude even for
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• r
electrons. In the absence of other information, the use of this formula for electrons as
well as ions is therefore not unreasonable.
3. The thermal diffusion coefficients
We are now in a position to proceed with the main development. We begin with Eq.
(II. 1) for the thermal diffusion coefficients
 ip
(3)
We shall approximate the derivative in Eq. (3) based on the known form of the collision
integral Ù^}(1, Ã) for charged-species pairs, which is given by [5,8,9]
Differentiating Eq. (4) and neglecting the relatively weak temperature dependence of
In Ë, we obtain
which differs from the corresponding relation for hard spheres [1] by a factor of — 3.
The sign change is a reflection of the tendency for thermal diffusion coefficients and
fluxes to change sign as a transition is made from hard potentials to soft potentials,
passing through zero for Maxwell molecules [5]. Combining Eqs. (3) and (5), we obtain
^^^ç,ç,ì^Ù^ßÉ,ç.) (6)
Equation (6), with ô, given by Eq. (1) and Ù||} given by Eq. (4), constitutes our proposed
new approximation for the thermal diffusion coefficients â.. of charged-species pairs.
Certain simplifications occur for species pairs involving electrons. It follows at once
from Eq. (3) that
Since ôâ is of order ^/me, we see that ie » ei, so that we may neglect ei and restrict
attention to
 ie. However, since fljj* is of order ì^1'2, it follows from Eq. (6) that ie is
actually of zeroth order in me. Thus ie is of the same order of magnitude as the tj for
ij ^ e, which implies that the latter cannot in general be neglected even in the presence
of free electrons.
Setting./ = e and combining Eqs. (1), (2), (4) and (6), we obtain, after a little algebra,
. (8)
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where
' (9)
and the notation JE^ indicates that the summation in Eq. (8) extends only over the
neutral species « Since aej « aee for neutral;, this summation will often be negligible.
When this is the case, the oej for neutral j no longer appear and need not be estimated.
It is instructive to evaluate ßie for a fully ionized two-component plasma containing
only ions of type and electrons. In this case Eq. (8) readily simplifies to
ßie = ß^(Z^nekBTe, where ß0(Z) = 3Z/(2Z + 2^/2), and use has been made of the charge
neutrality condition niZi = ne. The values of /?0(Z) for = 1, 2, 3, and oo are found to be
0.62, 0.88, 1.02, and 1.5 respectively, which are in remarkably close agreement with the
presumably more accurate values 0.71, 0.91, 1.02, and 1.52 found by Braginskii [9].
This lends confidence in the use of the present approximation for ß{j in multicomponent
plasma mixtures.
4. Relation between thermal and binary diffusion coefficients
In order to relate the ßtj to the binary diffusion coefficients Dij9 as was done in Ref. [1],
we must first address the complication that FOCE theory does not provide sufficiently
accurate expressions for the Die. To correct for this, we insert correction factors^· into
Eq. (1.47) to obtain
where/; . = 1 if ij * e9 and/le =fei =f(Z& where/(l) = 1.97,/(2) = 2.33, and/(3) = 2.53
[5-7]. We may now combine Eqs. (6) and (10) to obtain
which differs from Eq. (II.3) by a factor of — 3fif
5. Conclusion
We have presented a simple approximation, given by Eqs. (6), (8), or (1 1), for the thermal
diffusion coefficients in multitemperature multicomponent plasmas. The resulting
coefficients are found to differ in sign from those for neutral species, consistent with the
general tendency for thermal diffusion coefficients and fluxes to change sign as a
transition is made from hard to soft potentials. We reemphasize that the accuracy of the
present approximation will still reflect the limitations of the hydrodynamic theory on
which it is based [2]. The thermal diffusion coefficients in this theory are based on
mean-free-path arguments, so they are unlikely to be highly accurate. However, such
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arguments usually lead to substantially correct results which are valid to within factors
of order unity. We may therefore hope that the same will be true in the present context,
and that the present approximations to the thermal diffusion coefficients will conse-
quently be useful in situations where more accurate information is unavailable.
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